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Abstract— In this paper. the eigenfunction expansion form (abbreviated as EEF) in the rigid line
problem in dissimilar media is derived. The properties of the EEF are discussed in detail. After
using Betti's reciprocal theorem for a particular contour, several path independent integrals are
obtained. All the coefficients in the EEF, including the K|x and K, values can be related to the
corresponding path independent integrals. It is found that the J-integral takes a definitely negative
value in the present case. A possibility for formulating the weight function is also suggested. Finally.
a boundary value problem for a single rigid line embedded in dissimilar media is studied and solved.

I. INTRODUCTION

The opposite of a crack. in a certain sense, is a cut in the material that is filled with a rigid
lemella. There is no uniform terminology in this aspect : in the plane elasticity case we shall
call it the rigid line for brevity. Contrary to the crack, the rigid line transmits tractions, but
prevents a displacement discontinuity. There is a considerable amount of literature on this
topic. A fairly complete list of references can be found (Brussat and Westmann, 1975;
Chen. 1986; Chen and Hasebe. 1992 ; Dundurs and Markenscoff, 1989 ; England, 1971 ;
Erdogan and Gupta. 1972 ; Hasebe and Takeuchi, 1985: Hasebe ez al., 1984 ; Wang et al.,
1985).

The characteristics of the stress field near the tip of a rigid line can be found from an
earlier investigation (England. 1971). After analyzing the behaviour of the stresses in the
vicinity of a rigid line tip. the leading term of the stress components was obtained (Hasebe
et al., 1984). The coeflicient involved in the leading term is defined as the stress singularity
coefficient (Hasebe 1985 : Wanger al.. 1985), which in turn depends on the loading condition
and rigid line geometry,

Here and after. we call K,x and K.i the stress singularity coefficients (abbreviated
SSC). In the isotropic case. the SSC can be defined by

Kip=iKse = Lim 2 212¢)'(2) (1)

where ¢’(z) is the complex potential used by Muskhelishvili (1953).
In this paper. the rigid line is embedded in the dissimilar media with the elastic
constants G, «,. v,, for the upper plane, and G-, .. v, for the lower plane, respectively
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Fig. 1. Region near a rigid line tip (a) tor a physical problem: (b) for defining the eigenfunction
expansion form including the negative cigenvalues.

[Fig. 1(a)]. The relevant EEF is derived by the complex variable method (Muskhelishvili,
1953). The obtained result can be considered as a counterpart of that obtained in the
interface crack problem (Rice. 1988). Similar to the crack problem, the eigenvalues consist
of two kinds. One is n.2 —i¢ and the other i1s n (n-integer). The EEF with positive real and
negative real eigenvalues is presented in this paper.

Similar to the interface crack problem. we propose the following definition for the SSC
in the dissimilar material case

G,
P T 0 ~ P T : I B P N
Kig—1K-p = 2 Jz\/'(f‘l\‘;e !«1}}?— ¢'(2) 2
where ¢ = [log [(KA(G + Gar ) (G- + GonsD])(2m).

A work-line integral is introduced and discussed, which is formulated by a subtraction
of two works along a curve. One is obtained from the work done by the traction of the o-
field to the displacement of the f-field. and other is obtained from the work done by the
traction of the S-field to the displacement of the z-field. The path of integration is chosen
around the rigid line tip. and the % and f-fields are one term of the EEF. In most cases, a
pseudo-orthogonal property of the EEF has been found. This is to say, only some particular
pairs of the EEF have a contribution to the work-like integral. Otherwise, the integral is
equal to zero. It is proved that the J-integral in the rigid line case takes definitely negative
value.

2. PROPERTIES OF THE EIGENFUNCTION EXPANSION FORM

The cigenfunction expansion form in the interface rigid line problem will be derived
by using the complex variable function method (Muskhelishvili. 1953). According to this
method. the stresses (a,.6..4,,). the resultant forces (X. Y) and the displacements («, v) can
be derived by two complex potentials ¢p(2) and e 2) (or the pair ¢(z) and ¥(z))

. +~a, =4 Re[D(0)]

a g = O+ (- - D (D) +Q5) = D)+ D)+ 2D () + V(D) (3)
P= -Y+riX=p)+(2 - () +w(o) = (f)(:)+:¢)%5)+¢(:j (4)
2G(u+ir) = KP(2) — (2= 2} (2) —(2) = kp(z) — 2 (2) — (2) (5

where @(2) = (). Q(z) = @'(2). Wizy = ' (2) and w(z) = ¢’ (2) + ¥ (2). G is the shear
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modulus of elasticity. k = 3—4v for the plane strain problem, x = (3—v)/(1+4v) for the
plane stress problem. and v is the Poisson’s ratio.

We seck the solution in the region R(R = R, + R.. Fig. 1(a)) where a rigid line is
embedded. The elastic constants and the complex potentials are denoted by G,. ~y. ¢((2).
w,(2), Y (z) and G-, ks @-(2). WD), Y-(2) for the upper and lower planes, respectively.
From eqns (4) and (5). the continuation condition of the resultant force and displacement
gives rise to the following relations :

G+ o (V) =g ) e (V) (v > 0) 6)
Gk () —m (X)) = Grinags (V) om- () (v >0). (7

Generally. we assume the rigid hine to be fixed. Thus. the condition for the adjacent bonded
media is obtainable

K@ ()= (V) =0 (v <) (8)
K- (X))~ m- (x) =0 (v <), (9)

By using the available result in the interface crack problem (Rice. 1988 ; Rice and Sih,
1965). we can directly investigate the EEF in the form

Gy =pz" " (ze R OrR,) (10)
(Zy =2 (zeR or R, (11)
h(z)=p2t " (ceR.or R (12)
s (5) = ¢z (ceR.OrR-,) (13)

where « and b are two real values and by cancelling a small region from R, (R,). we get the
region R ,(R,,). respectively [Fig. 1(b)].
Note that. in the derivation. the following definition is useful

_u' 1 e IS — C\ doge - o6y gt £ (\\'i[h: — '_em) (14)

Substituting eqns (10). (11). (12) and (13) into the egns (6). (7). (8) and (9), we obtain

: l -1 Lo |0
Gevy o =Gy =GRy G } g | 0
" 1 - (15)
RS | 0 0 ‘ | p 0
0 0 Ko g ‘ 0
where
¢ = e:,"lm 1 (16)
The non-trivial solution condition of egn (135) leads to
(v — ])[,\.\((;f+(]‘\’\-3)N+'\‘1((—" *(ijl\'))] = (). (17)

The solutions of eqn (17) can be devided into two groups. The eigenvalue in the first
group can be expressed by
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s =1 (18)

a—1h =n (n-integer). 19)

In this case. the eigenvalue takes real |. Furthermore, the non-trivial solution is obtainable

¢ (2) = \// | +'\| p=" (zeR,orR,,)) (20)
w(2) =K, \/ii :l pz" (ze€R,orR,,) 21
h2(z) = V:i: p=" (z€R,0rRy)) (22)
w-(2) = K:V/J’: i:' pz" (e RyorR,,) (23)

where p is an arbitrary complex constant.
The eigenvalue in the second group can be expressed by

yo O+ Gk 24)
Ki(Gr+G K,)
a—ib =n+,—ic (n-integer) (25)
where
I K:(G +Gaky)
o AL LA T 26
“T o Og{xl(czwm) 20
It 1s of interest to point out that. if the following condition.
K2 (G + Goky) G, Kki(k,—1)
e e = o 27
Ki(G2+G o) o G, Ki(k,—1) @)

is satisfied, then ¢ = 0. That is to say in a particular condition which is shown by eqn (27),
the oscillating singularity vanishes in the interface rigid line problem. Clearly, there is no
counterpart in the interface crack problem. To simply analysis, we shall exclude this
particular solution. Similarly, we can obtain the following nontrivial solution.

///G | K>

oy= /- mptr i (zeR R 28

b (2) V/G:Me P (zeR,0rR,,) (28)
G Ko R

w,(2) = —K V/ (IIM e“pzt Pt (zeR,orR,,) 29)

h,(c) = [t e“pz"t 'S (ze Ryor Ryp) (30)
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(W Z) = =Ky iome—e TpI ST (ze Ryor Ryp) (31)
N 2

where, as before, p is an arbitrary complex constant.
Finally. the EEF is formulated by the linear combination of the above-mentioned non-
trivial solutions, and it takes

G2 =27 f(2)+9.9(2) (CER Or R p) (32)
o (2) = F 2 () +hgisy (ceR,orR,p) (33)
92(2) =2z T [(2)4g2g(2) (s€ R 0T Ryy) (34)
w2 (2) = [0 () +hag(z) (e Ry 0T Ryp) (35)
where
LGk, e
oo N Gk, © e MV/GZK,
Gk, G
er= o el fr= —n //*; e
TN GiK . NGk
e, e
mk\/’l**\'l " WAI\/‘1+K|
1k, .
Y he =k i 36
v A . h’\j I+~ (36)
! (K (G4 Gk )
el CIE G 37
2n g(;\']((}:+(j];\-:)) (37)
j(2) = Z a,z" (38)
giz) = E [ (39)

where g, and ¢, are complex coefficients.

It is easy to see the obtained EEF contains two parts. The first one is composed of the
complex eigenvalue, and the second one is composed of the integer eigenvalue. Differing
from the EEF suggested previously. the terms with the negative values of n in f(z) and g(2)
are also included in summation. The displacements must be finite for the bonded materials,
and thus. in eqns (38) and (39). we can conclude :

(a) The terms corresponding to n > 0 for both functions f(z) and g(z) are physically
possible in the region R[R = R, + R.. Fig. 1(a)], and the term of n = 0 in g(z) represents a
rigid motion of body.

(b) The terms corresponding to n < 0 for both functions f(z) and g(z) are only
physically possible in the region R,[R, = R,p+ R~,. Fig. 1(b)]. where a small region with
contour ABC has been excluded. We shall soon prove that the terms corresponding to
n < 0 have many uses in the following analysis.
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Now the first property of EEF can be reached as follows. If the displacements « and v
are derived from one term (with the eigenvalue n+ 1/2—1i¢ for the first part, or n for the
second part) of EEF in eqns (32)-(35). then uy = ¢u/dx and vy = dv/0x 1s also a term (with
the eigenvalue n— 1.2 —i¢ for the first part. or n—1 for the second part) of EEF in eqns
{32)-(35). The exception is the case of » = 0 in the second part of EEF.

The following proof is carried out for a term of the first part of EEF defined in upper
half-plane. In fact. from the above formulation we have

26 (u+ir) = Ky (2) — (:‘—")(b/lr(?w)‘ —w(2) (c€eR,,) (40)
where

G2y =vcia,z""' 7" (z€R),)
wi(z)=fa,z"" "7 (Z€R),). 41)

Then we can get

2G (s +iry) = 26, (” N RO R THE R ) (42)

/

and rewrite the above equation in the form

20 (U +10%) = Ky 4(2) —(:—f)ﬁ(:)—(Ul*(Z) (43)

where

G2y =@ (2) = (',(n—l—é—ii:)a“:” P2-i

Wix(2) = 0 (2) = fin+i+iga,s" (44)

Clearly. the above complex potential belongs to one term of the first part of EEF with the
eigenvalue n—1 2—1¢. Similar proof can be performed for the case of lower half-plane.
Also. it 1s easy to prove the same property for the case of the second part of EEF.

Before discussing the second property of EEF. the following result obtained by Bueck-
ner (1973) is useful. If there are two cases of deformation state in plane elasticity, namely,
Di(2). 0 (2) and ¢ (2), W (2). Tespectively, then the following integral can be defined :

6W,, =26 (1

A

UNUH _ul(/f)gl'/(zl)n/ds (45)

iz

where p and ¢ are two points in the elastic plane [Fig. 1(a)]. Clearly, by the use of Betti’s
reciprocal theorem (Sokolnikoff. 1956). the above integral is a path independent integral.
After some manipulation, the above integral can be evaluated by the following equation:

2GW,, = (k+ DIm H(Z)|{+Im R| (46)

where

~

H(z) = | h(z)d:

hiz)y = - ")v(—")‘f);f(:)+‘U/t(3)¢;(:) 47)
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R= —kP,Py+(k+ (P, — )Py~ dy) (48)

and P, and P, are the resultant force functions derived from the a- and the f-stress fields,
respectively.

For convenience to get the derivation cited below, the following definition is used. A
particular stress field is called the eigen-stress field (abbreviated as ESF) in this paper. It is
defined in a dissimilar bonded region as shown in Fig. 1(b) and satisfies: (a) all the
governing equations of plane elasticity; (b) the displacement and traction continuations
along the bonded line (x > 0,y = 0): (c) the fixed condition along the upper and lower
faces of the rigid line. Clearly, for any pairs of the x- and the f-stress fields which belong
to ESF, the following path independent integral is obtainable :

»

W= J (ulu;gullh - “vl,’har/u))n/ ds (49)
(.

where [, is any integration path starting at any point D of the lower rigid line face and I',
is any integration path ended at any point £ of the upper rigid line face [Fig. 1(b)].
Obviously, each term in the EEF can serve as ESF mentioned above. In the following, three
types of integral (49) will be investigated.

(a) In the first case, both the - and the f-stress fields are taken from the first part of
EEF in eqns (32)-(35). It is assumed that the 2-stress field (u;.,, 0;,) 1s derived from the
following complex potentials

Pi(z) = 1’1“;;—'”*[ T (:ERU’)
™, (2) :fl;;u:”“ Y (ce R,,)
¢3(:) = (’:(,l":”'l s (:Eth)

wy(2) = fra, =" T (Z€R,,) (50)
and the p-stress field (u,,. 6,) is derived from the following complex potentials:

Gi(z)=eb,=" 7" (ceR,,)
) () :,/.Ibm’r:m*l Tt (ze R;,)

. (51
d)l(:) = ()]hm:m+ Peow (—-e Rlp)
@ {(2) = _/:}5.77;3”'+ beee (ce R:p) _J
After using eqns (45)—(48). we can get
. .
. 0 ifn+m+1#0
W = J[ . (U010 ) *“,(/'nU,,m)n/ ds = {HI ifn+m+1=0 (52)
where
SRR HOES )
H = —n(h](G~~k') + ET(G k—l))Re [a,b,,(n+3—ie)]. (53)
i 2

(b) In the second case. both a- and the S-stress fields are taken from the second part
of the EEF in eqns (32)—(35). It is assumed that the x-stress field (u;,), 0, is derived from
the following complex potentials :
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di() =g, (zeRy,)
wz)=he,2 (zeR,,)
®:(2) = g.0,2" (Z€Ry)

- (Z) = /7;6,:” (ze R;_p) (54)

and the fi-stress field (u,. 0., is derived from the following complex potentials

¢‘(:) :.(/Idm:m (ZERI[))
wz) = hd,=" (zeR,,)
@:(2) = g-d, =" (2€R,,)

() = had, 2" (Z€Ry,). (55)
After using eqns (45)-(48) we can get

W = ’

Jro-1,

0 if n+m#0

Ui O iy — Ui O iy JH, ds = . 56
e ) {H: if n+m=0 (36)

where

‘Wil +K, G(l+k -
HJ = nr (k ]’( (fl\>) + k;(*z;j_h—])) Re [(Cndm)]' (57)

(c) In the third case, the z-stress field is taken from the first part of the EEF in eqns
(32)—(35) and the fi-stress field is taken from the second part of the EEF in eqns (32)—(35).
It 1s assumed that the a-stress field (u,,,, 0,,,,) is derived from the complex potentials shown
by eqn (50), and the f-stress field (u,,.7,,,,) is derived from the complex potentials shown
by eqn (55). After using eqns (45)-(48). in any case of n and m in eqns (50) and (55) we
can get

W= (U5 T gy — Uy Oy Y1, dS = 0. (58)

From egns (52), (56) and (58) we see that. only some particular pairs in the EEF have a
contribution to the path independent integral (49).

3. PATH INDEPENDENT INTEGRALS

As mentioned above. if some pairs of the stress fields which belong to ESF are taken
in eqn (49). the relevant path independent integrals can be obtained. Several important
cases are cited below.

(a) We take the x-stress field (u,,, = u,.0,, = 0,) as a physical stress field caused by
some tractions acting on the boundary of the dissimilar body. Therefore, the corresponding
complex potential takes the form shown by eqns (32)—(35) and the functions f(z) and g(z)
will be
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f(z) = i a,:"

n—0

g(z)y =Y ¢, (59)

By the use of the definition shown by eqn (2). we can obtain the relation

Kig—1K:p = 2 271\/"6"\11 e" Lim:z'""""¢\(2) =2/ 2n(;—ie)a,. (60)
12 -

In addition, we choose the following fi-stress field : u,, = du,/¢x and 0,4 = 00,/dx. Using
the properties of EEF mentioned above, it is easy to see that only one pair, which consists
of one term with the eigenvalue |;2—i¢ in the x-stress field and another term with the
eigenvalue — 1,2 —ie in the f-stress field, has a contribution to the integral (49).

After using eqn (53). a simple derivation leads to the following path independent
integral :

0 ‘o,
W= u, . — .- a,|nds
e ‘X  Cx

(1 +K,y)K 1+ k)i, . .
= '*T((( "‘('}‘\-)hl +( (?l), ~)(loan(%_15)(%+18)
T h] - -

Lrd g w4 x00
s\ G G-

)(ka“f'K%R)‘ (61)

Also, after making integral by part and using the properties of ESF (Chen, 1985), eqn (61)
can be rewritten in the form

W » -
Jp=-. = Udy— (Au' a,n;ds
) cx

vi+1

_ 1<“(_“1+K3>5. (T4 KK,

- (e JHur k) @

6 TG

where Uis the strain energy density. In eqn (62) the J, integral possesses the same expression
as in the crack problem. However, in the present case, the J; integral takes a definitely
negative value. This point was pointed out by (Chou and Wang, 1983) in the rigid line
problem of the isotropic case.

(b) We take the x-stress field (u,,, = u,. 0,,,, = g,) as a physical stress field caused by
some tractions acting on the boundary of the dissimilar body, and let the S-stress field be
derived from the following complex potential

$i(2)=eh 2 T (ZeR),)
o () =fbh 2T (zeR),)
$2) = esh 2 FT12 (zeRy)

w2) =fb 2 P (ze Ry k=12, (63)

After using the properties of EEF mentioned above, it is easy to see that only one pair,
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which consists of one term with the cigenvalue Kk —1/2—ie in the a-stress field and the §-
stress field, has a contribution to the integral (49). A simple derivation leads to the following
path independent integral

”

W= J (0 — Uiy 0)m; ds
r-r

. 1+ ‘1) 2 l+ |
~n(k LG‘ K oEL GvL2> Rela, b (k—5—ie)]. (64)

Also, some particular cases are cited below

(45 i
W= —n<"‘(G+"-) = (G+h])>Re[aA 0 Gb k=it = 1Lk=12,..)
| 2

_ ’\1(]+’\) '\(1+’\|)
W_ T[( G] + (I‘v

>lm la, (] (ifb_j(k—3+ie) =ik =1,2,..))

T V;‘<Ll“+"':)+»<»(l+k.)

2.2\ G G

)KlR (ifk = l,bﬁl = 1)

W= \/K (KI(]+KZ) +’i(]+K|)

22\ G 2 >K“‘ (fk = 1.6, = . (65)

(c) We take the a-stress field (u,,, = w.06,, = 0,) as a physical stress field caused by
some tractions acting on the boundary of the dissimilar body, and let the S-stress field be
derived from the following complex potential

$i(z)=¢g.d ;=" (z€R,,)
w((z)=hd =" (zeR),)
$:(z) = grd = ' (€R,,)
w:(2)=hd =" (ceRy) k=1,2,... (66)

After using the properties of EEF mentioned above, it is easy to see that only one pair,
which consists of one term with the eigenvalue k in the a-stress field and the S-stress field,
has a contribution to the integral (49). A simple derivation leads to the following path
independent integral

~

W= J (14,0 iy — UG )n; ds
M-+,

+ks) | Ko(l+
() el

G, GZ ) Re [CkC-i_k]. (67)

Also, some particular cases are cited below

) k|(1+i\a) K-(l+x,)
W =kn T
( ¢, G

)Re[ck] (fd_,=1k=1,2,..)

G, G; )Im[ck] (ifd =i k=12..). (68)
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4. WEIGHT FUNCTION

The pioneer investigations for weight function in crack problem were completed by
Bueckner (1970) and Rice (1972). The higher order weight function formulation in the
crack problem was suggested by Chen (1985), and Sham (1989). Also, the weight function
in the interface crack problem was analyzed by Gao (1991). Clearly, a similar idea can be
used to formulate the weight function in the problem. It is pointed out that the weight
function in a rigid line problem likes the Green’s function in the solution of Laplace’s
equation (Courant and Hilbert, 1962). Using the properties of EEF, the weight function
formulation is also possible in the investigated problem. For a simplifying statement, the
formulation is limited to the traction boundary problem along the outer boundary.

Below, the a-stress field is chosen as the physical stress field, and the S-stress field is
derived from the following complex potentials

d () =eb =77 (ceR))
o, (2) =fib_z7'"*"" (zeR,,)
$a(2) =eb 27" (zeR,y,)
W, (2) = fob_z7 ' (zeRs)). (69)

From eqns (63)—(65). we have the following result :

W = J (4,05, — Uiy, )0, ds
r+r,

,/'_ 1 Cqy ) 1 .
L (Kl( ) H'))K,R (f k=15 =1)

2,/2\ G ¢
_ v (70)
/ ¢ (1 > oo (1 S
Vi (ridrr) ARV G k— b, — 0,
2,2\ G G

For definiteness, the integration paths I'; and I'| are taken along the outer boundary of the
body in Fig. 2. From eqn (70) we see that, in order to obtain the stress singularity coefficients

(GIK1 )
o Ge i

Fig. 2. An example of a bonded plate with a rigid line.
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: T, T,
| L |
R (6%
+ L ax = (G K) F———>X
(G, %) 0 G %
; © lt { ‘t
I, L

ONE (©)
N
same in magnitude and ~

e — traction free
opposite in direction

Fig. 3. A model for formulating the weight function approach.

at the crack tip, one has to know not only the tractions ¢, but also the displacements u;
along the boundaries I'; and I',. Therefore. it is necessary to solve the traction boundary
value problem. In addition, if there are many traction boundary value problems, one has
to solve as many problems. The merit of the weight function is that, once a particular
boundary value problem is solved, all the boundary value problems with the same geometry
can be solved immediately. This idea is universal in mathematical physics. In the weight
function method, the o-field is also of the physical stress field, and the f-field is derived
from the complex potential with the following form :

@12 = D)+ (2) (ceRy)
w(2) = w, () +w,,(2) (zeR,)
$-(2) = @)+ -, (2) (zeR,)
0 {2} = 0 (2)+w.,(2) (Z€R,)). (71)

Two parts are involved in eqn (71). and the corresponding loading conditions are shown
in Fig. 3(a.b), respectively. Note that the eigenvalue in eqn (69) is —1/2—i¢ and its real
part is negative. Therefore. the stress field derived from the complex potential ¢,,(z), w,,(z)
(zeR,,) and ¢,,(z). w,,(z) (€ R-,) is a singular stress field in the sense of unbounded
displacement in the vicinity of the line tip. In addition, we can let the tractions along the
[;and Ty in Fig. 3(b) caused by ¢,(2). ,(2) (z € R,,) and ¢,,(z), w2,.(2) (z€ R,,) be opposite
to those caused by ¢,,(z), @,,(z) (z€ R},) and ¢,,(2). w,,(z) (z€ Ry,). The superposition of
two loading cases makes the f-stress field shown by Fig. 3(c). Clearly, the boundary value
problem shown by Fig. 3(b) is a usual problem, and can be solved by any numerical
method, for example, the finite element method. After considering the property of EEF,
eqn (70) is still valid in this case. Since the traction g,n, vanishes along the contours I,
and I', eqn (70) is reduced to the following equality:
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r {;ﬁoz

S i
G, x,

G
L

>
S 2a
O.vl

o

g

y

e

i X

Fig. 4. A rigid line embedded 1n dissimilar media.

W= J\ (— M!(Iftaunr) ds
r.+r,

-

nok+ry)  Ka(l+k
o Ki(l+x.) + el +n1) K (f k=1b_,=1
5 A\ G, G-
- N (72)
K ER) R 4R )
VI (ilre) el ) Koo G k=16 =0
2.0\ G\ (J; y

PN

In eqn (72), u,;, shows the displacement along the boundaries I', and I'; in Fig. 3(c), and
serves as the weight function mentioned above. From the above analysis we see that, once
the weight function is obtained, the stress singularity coefficients at the line tip for all the
boundary value problems with the same geometry can be evaluated immediately. In fracture
analysis, the original idea of the weight function was proposed by Bueckner (1970, 1973)
and Rice (1972).

Obviously, the higher order weight functions in the interface crack problem can be
formulated in a similar manner.

3. A RIGID LINE BETWEEN DISSIMILAR MEDIA

In this section we consider the two-dimensional elastic problem of a rigid line lying
along the interface of two bonded dissimilar half-planes (Fig. 4). Two dissimilar half-planes
are bonded together along the x-axis except for the interval —a < x < g where a rigid line
is embedded. We suppose the upper (the lower) half-plane S~ (S7) is occupied by a medium
with elastic coefficients G, and (G- and «-). respectively. Since the rigid line is embedded,
the elastic medium at the place. r =07, |v] < a. cannot be deformed. For brevity, only
normal mode is considered in the following analysis. Then it would seem that the following
conditions must be satisfied on 1 = 0:

u =0 (y=0" 3 <a)

u-+ir; =0 (r=90 .x < (73)
and
ey =u.+iv- (v =0.|x| = a)
— Y, +iX. = — Y, +iX., (v =0.|x] = a). (74)

In the analysis, the complex potentials ¢ (=) and ¥,(-) are defined in the upper half-
plane, ¢,(z). ¥,(z) in the lower half-plane, respectively.
To perform the derivation. we define the following functions
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niz) =z (2) +Pa(2) (zeS™)
n(2) = ¢\ (D) +¢, () (ze€S ). (75)

The continuation condition of the forces and the displacements along y =0, |x| = a
will lead to

¢ () + 0y (V) = ¢ ()+n7(x) (Ix] =a)
G:[kid7 () =12 (V)] = G [K2: () =07 ()] (Ix] = @) (76)
or in an alternative form
()= (x) = ¢ () =12 (x) (Ix] = a)
Gk @7 () + G (X)) = Gk (V) +G6any (X)) (Ix] 2 a). (77)
This means, for example, the analytic function ¢-(z) —5,(z) defined in the lower half-plane

is a continuation of the analytic function ¢,(z) —#,(z) defined in the upper half-plane. Thus,
we can put

P (2)=n(2) =0(2) (zeST) (78a)
G (2)—n2(2) = 0(2) (zeST) (78b)
G-k (2)+G i (2) =0(z) (zeS™) (79a)
G rap-(2)+Gana(2) =60(z) (zeS7) (79b)

where 4(z) and 6(z) are two holomorphic functions in the whole plane cut along ( —a, a).
After solving eqns (78a) and (79a). (78b) and (79b), we find

} _Q{:‘ﬂ)j”(ild(:) ) _()(:);szlé(:) s
$1(2) = G 4G, i) = G+ Gor) (zeST) (80)
0(2)+G-6(0) 0(z) ~ G k,0(z
pa(z) = PTG ) LHDTOOE) (o g, (81)

‘G: +7G|7K3 Gg ‘+‘G|K2

From the condition of stresses applied at infinity (Muskhelishvili, 1953), we find the
following asymptotic behaviour

¢ ()y=Tz+... (82a)
Vi) =T+ (82b)
iy =(F-+Tz+... (82¢)
o)y =[I' — (I +T5))z+. .. (82d)
0(z) =[G T+ G (T4 T5))z+... (zeST) (82e)
and
G2y =T+ .. (83a)
Ya(z) =Thz+ ... (83b)

sy = (I +I)z+... (83c)
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oy =[I'.—( +T"z+... (83d)
0z) =[G n.[-+Gal, +T )4 ... (zeS ) (83e)
where

) a' +a, g -a)y
I = 4 5 (84)

1( + )"* g - i
- 7 +a)- - n r__ (85)

4 4

Since 3(2)(z€ S ) is a continuation of 3(2)(z€ S ). from egns (82d) and (83d) we find
r-r.-r=Ir.-1r.--1,. (86)

Similarly. from eqns (82¢) and (83¢) it follows
G Ty~ G (U 4T = Gl o+ G, + ). (87)

Itis proved thateqn (86) is anidentity. and eqn (87) will lead to the well known compatibility
condition

(l\ ( | +)\'_~ )(T\I_x = (]‘_'_( | +/\’] )(T"| + [(l.| (1 — 7\':} —(11(3 - RN, )]O'\/' . (88)
From eqns (3) and (73). we get the following conditions along the rigid line

Ky (V== (V) =0 (x] €a) (89)

Ko (V)= 4y) =0 (v < «).

Substituting eqns (80) and (81) into egn (89) yields

G;I\'| 5 (Jv‘/\‘_‘ 5 | K “( | | 0 ( ) 0 (l ‘< )
2 \ N - X) = x| <a
Gi+G, T et Y G v T Y T Gk

(90a)

R e O s e M =0 (d<a

- - X ) — )+ N) = X = .
G +Gu, G4kt e " " TG o0t s

(90b)
From the above equation [G.xeqn (90a) — G *xeqn (Y0b)]. we obtain
O () =0 (v)=0 (N <a). o

This proves that the function #(z) 1s holomorphic in the entire plane. And, from eqns (82e)
and (83e) the function ¢ (2) takes the form

zy=cz. ¢c=CGn T, ~G (04T = G . T+ G0 +1). (92)

Substituting eqn (92) into eqn (90a) vields the following Hilbert problem (Mus-
khelishvili. 1953)
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67 (x) = gd ™ (M) +f(x) (93)

where
_ ’\7(G| j”ﬁ(i’mhl)
- ’\[(G: +GyKa)
f1x) = hx. 2N Gk T +Gy (T 4T (94)
X)=hnx. h= k((J -\‘—G}\«[ ok + G (T D]
The Hilbert problem has a solution as follows (Muskhelishvili, 1953):
. h
o) = ]:(’/ t—-“X*(—')} + Xy (2) (95)
where
-—a 12—
Xolo) = (:+a)<m>
i L I(I!G]+GzK1)
£ 775 Ki(Gy+GKs)
c=T,—(,+T%) (96)
and the constant ¢ is obtained from the asymptotic expression shown by eqn (82d)
Finally, from eqns (80), (92) and (95). we get
( " h
I) = ~ Qez+ G| [z Xz X zeS* 9
B = G, 1770 X >]>+c *(z)} cest) @)
and we can rewrite ¢,(z) in the form
$(2) = @1, (2) +¢1,(2) (98)
with
b= o (e 6 e
1a(2) = G\ + Gk, (( l—g ! «(z
1 h
@15(2) (”+O '\|< +T: Gl)"- (99)

Clearly, only the portion of ¢, () has a contribution to the stress singularity coefficient

Thus from eqn (2) we can let

Kip—iKag =2y ’n\/ “';e” Lim (z—a)' **"¢1,(2) (100)

and obtain
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IGary !
oK =2 C2ig)Qa) e — I
K x—iK., \fta\/G}“(l 2ig)(2u)" O]+G~h[<( - G) (101)

where the constants ¢. ¢, 1, g have been shown in eqns (94) and (96).
The loading condition at infinity may be decomposed into two particular cases.
(a) If ¢ = 0. we choose o/, as independent, and from eqn (88) it follows

G, (I—H\']
=g 102
G\._ G\i (l (1 +f\ ( )
In this case, from equation (101) we tind
Kip—iKog = = Lem(1 = 2ie)(2a)/naH (103)
\Y G K,

where

(H—)\,)(G +(uf\)
H= ! g% 104
Ak (Gr 4G k)4 R (Gr+Gar )] ! (104)

In the 1sotropic case (G, = G. = G. x| = K, = ). from eqns (103) and (104) we obtain the
well known result K,z —iK>x = (k+ D)o ma/(4x).
(b) If ¢, = 0. we choose ¢, as independent. and from eqn (88) it follows

l
g e (3 —1a)— G- (3—K)]a". 105
v GI(I+K2)[GI( ’\_) (J-( }\I)]O-} ( )

Q
Il

In this case, eqn (103) is still used., and H becomes

o J\,’,A,_3)(G +x,G,) ar. (106)
‘)[hI(G‘+Glh )+’\:(G\+Gz’\'|)] ’

In the isotropic case (G, = G. = G. x|, = x> = k). from egns (103) and (106), we obtain the
well known result K,z —1K>z = (k= 3)0"/ na/(4x).

An earlier derivation for the interface rigid line problem has been carried out by
Ballarini (1990). However, some particular points can be found from our study. Since the
complex potentials ¢,(z). ¥,(z) (for the upper plane) and ¢.(z), ¥,(z) (for the lower plane)
have been derived in an explicit form, the whole stress and displacement field can be
evaluated immediately. Secondly, it is more natural to define the stress singularity coefficient
though the expression of the complex potential. Also, the definition shown by eqn (60) can
be easily reduced to the isotropic case, and can be compared with the definition for
evaluating the stress intensity factor in the crack problem case.
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